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1 No-Ponzi-game condition

Consider an infinitely lived household with assets ag < 0 at time ¢ = 0. The household compares
different options of servicing the debt, as specified below. For each option, check whether the household
satisfies the condition limr_, o ary; > 0 and/or the no-Ponzi-game condition limy_, . grars: > 0,

where qr = e and compute the present discounted value of the debt service (discounting at the

1
RiR>-
gross interest rate R). Assume that income is sufficiently high such that each option is feasible.

1. In period 0, fully repay all debt (i.e., pay —Rag).
2. In each period t > 0, pay —zxa;, where 0 < z < R.

3. In each period ¢t > 0, don’t pay anything.

2 Intertemporal budget constraint with infinite horizon

Show that the no-Ponzi-game condition together with the dynamic budget constraints implies the in-

tertemporal budget constraint

agRo + Y qi(wy — ¢r) > 0.
=0

3 Non-Geometric Discounting and Time-Consistency

Consider the following three period model, ¢ = 0,1,2. At date t = 0 preferences are given by u(cy) +
B(u(er) + u(cz)), but at time ¢ = 1 preferences are given by u(cq) + Su(cz). For simplicity, assume that
wy=wand Ry =1,t=0,1,2.

Set up the problem of a household under commitment at ¢ = 0 and the problem of a household that
re-optimizes at ¢t = 1. Derive the Euler equations of the two problems and show that the household that

re-optimizes every period would choose a different consumption plan.
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4 Dynamic programming
Let Vi(a;) denote the maximal utility which the household can achieve from period ¢ on if it enters the
period with assets a;.

1. Show that

T
Vi(a;) = max Zﬂs_tu(cs)

{Cs7(ls+1}z:t s=t
St. asy1 = asRs +ws —cs fors=t,t+1,...,T
a; given

ary1 >0
can be rewritten as

Vi(ay) = max [u(cy) + BVigr1(ars1)]

Ct, Q41
s.t. ai4+1 = Clth +wr — ¢

ay given.

Now consider the Bellman equation

Vi(ar) = max [u(a; Ry +wi — ag1) + BViga(ar1)] -

At+1
Note that Vryi(ary1) = 0, implying the optimal choice a3 ; = 0.

2. By backward induction, solve for the value functions Vr(ar) and Vy_j(ar_1), and for the policy
functions ar(ar—1) and ar—_1(ar—_2), given the assumptions that u(c;) = In(¢;) and w; = 0 for all
t.

3. Using the Bellman equation and the envelope theorem, derive the Euler equation.

5 Dynamic programming with infinite horizon: guess and verify

Assume that u(c;) = In(c¢), wy =0 and R; = R for all ¢. Thus the Bellman equation is given by

V(a) = maxIn(aR — ay) + BV (ay).

ay

Solve for the value function V' (a) and for the policy function g(a) in the infinite horizon case using a

guess and verify approach. An educated guess for the two functions is

V(a) =Flna+G
g(a) = HaR,
where F, G and H are unknown coefficients. Proceed as follows:

1. Using the Bellman equation, show that given the guess for V'(a), the policy function is indeed of
the form g(a) = HaR. Solve for H as a function of 8, F and G.

2. Using the Bellman and your result from a., use the method of undetermined coefficients to solve
for the coefficients F, G and H.
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